Abstract. Assume that E and B are complex manifolds and π : E → B is a holomorphic Serre fibration such that E admits a finite dominating family of holomorphic fiber-sprays over a small neighborhood of any point in B. We show that the parametric Oka property (POP) of B implies POP of E; conversely, POP of E implies POP of B for contractible parameter spaces. This follows from a parametric Oka principle for holomorphic liftings which we establish in the paper.
The Oka properties
The main result of this paper is the parametric Oka principle for lifting holomorphic sections in subelliptic submersions over a Stein base (Theorem 4.2) . This implies that the parametric Oka property of a complex manifold passes up from B to E in a subelliptic Serre fibration π : E → B, and also in a holomorphic fiber bundle whose fiber satisfies the parametric Oka property (Theorem 1.2). The parametric Oka property also passes down from E to B when the parameter space is contractible, or when π is a weak homotopy equivalence.
The latter result was mentioned in [5] (remarks following Theorem 5.1), and more explicitly in [6, Corollary 6.2] . (See also Gromov, [13, Corollary 3.3.C'] .) The proof proposed in [6] requires the parametric Oka principle for certain continuous families of subelliptic submersions. The details of this extension have not appeared anywhere yet. When Finnur Lárusson asked for explanation and at the same time told me of his applications of this result [20] (personal communication, December 2008), I decided to write a more complete exposition.
We begin by recalling the relevant notions. Among the most interesting phenomena in complex geometry are, on the one hand, holomorphic rigidity, commonly expressed by Kobayashi-Eisenman hyperbolicity; and, on the other hand, holomorphic flexibility, a term introduced recently in [4] . While Kobayashi hyperbolicity of a complex manifold Y implies in particular that there exist no nonconstant holomorphic maps C → Y , flexibility of Y means that it admits many nontrivial holomorphic maps X → Y from any Stein manifold X (in particular, from any Euclidean space C n ), in a certain precise sense described below.
The most natural flexibility properties are the Oka properties which originate in the seminal works of Oka [21] and Grauert [11, 12] . The essence of the classical Oka-Grauert principle is that a complex Lie group, or a complex homogeneous manifold, Y , enjoys the following: All complex spaces in this paper are assumed to be reduced and paracompact. A map is said to be holomorphic on a compact subset K of a complex space X if it is holomorphic in an open neighborhood of K in X; two such maps are identified if they agree in a (smaller) neighborhood of K. For a parametrized family of maps, the neighborhoods should be independent of the parameter.
When Y = C, BOP combines the Oka-Weil approximation theorem and the Cartan extension theorem. BOP of Y means that, up to a homotopy obstruction, the same approximation-extension result holds for holomorphic maps X → Y from all Stein spaces X to Y .
Denote by C(X, Y ) (resp. by O(X, Y )) the space of all continuous (resp. holomorphic) maps X → Y , endowed with the topology of locally uniform convergence. We have a natural inclusion The more general weak parametric Oka property of Y requires that for each finite polyhedron P and subpolyhedron P 0 ⊂ P , every map f : P → C(X, Y ) such that f (P 0 ) ⊂ O(X, Y ) can be deformed to a map f : P → O(X, Y ) by a homotopy that is fixed on P 0 :
This easily implies that the inclusion (1.1) is a weak homotopy equivalence.
In the sequel we consider more general pairs P 0 ⊂ P such that (*) P is a nonempty compact Hausdorff space and P 0 is a closed subset of P (possibly empty) which is a strong deformation retract of some neighborhood of P 0 in P . Such P 0 will be called a nice subset of P . Definition 1.1. (Parametric Oka property (POP)) A complex manifold Y enjoys POP if the following holds for all pairs P 0 ⊂ P as in (*). Assume that X is a Stein space, K is a compact O(X)-convex subset of X, X ′ is a closed complex subvariety of X, and f : X × P → Y is a continuous map such that (a) for every p ∈ P 0 the map f p = f (· , p) : X → Y is holomorphic, and (b) for every p ∈ P , f p is holomorphic on K ∪ X ′ .
Then there is a homotopy f t : X × P → Y (t ∈ [0, 1]) such that f t has the same properties as f 0 = f for all t ∈ [0, 1] and
t is uniformly close to f on K × P , and
POP is equivalent to Gromov's Ell ∞ property [13, Def. 3.1.A.].
By classical results of Grauert, every complex homogeneous manifold enjoys POP [11, 12] . A much weaker sufficient condition called ellipticity (the existence of a dominating spray on Y , see Def. 2.1 below) was found by Gromov [13] . A presumably even weaker sufficient condition, subellipticity (Def. 2.2), was introduced in [2] . If Y enjoys BOP or POP, then the corresponding Oka principle holds for sections of any holomorphic fiber bundle Z → X with fiber Y over a Stein space X [7] . For further information see Sect. 2 below and the papers [3, 17, 18, 19] .
It is important to understand which operations preserve Oka properties. The following result was stated in [5] This should be compared with Lárusson's Theorem 3 in [20] in which π : E → B is assumed to be an intermediate fibration. 
Remark 1.4. The assumption that P 0 is nice in P (a strong deformation neighborhood retract) enables a reparametrization of the initial family {f p } p∈P (see Def. 1.1) so that f p is holomorphic for all p in a neighborhood of P 0 in P . This enables patching in the parameter space. Although this reparametrization cannot be used globally on X, especially in the presence of the interpolation condition on a subvariety X ′ ⊂ X, it is used locally on small open sets in X\X ′ .
Subelliptic submersions and Serre fibrations
Assume that X and Z are complex spaces. Recall that a holomorphic map h : Z → X is a holomorphic submersion if for every point
, an open set W in a Euclidean space C p , and a biholomorphic map φ : V → U × W such that pr 1 • φ = h, where pr 1 : U × W → U is the projection on the first factor.
of a holomorphic submersion is a closed complex submanifold of Z. A simple example is the restriction of a holomorphic fiber bundle projection E → X to an open subset Z of E.
We recall from [13, 2] the notion of a holomorphic spray and domination.
Definition 2.1. Assume that X and Z are complex spaces and h : Z → X is a holomorphic submersion.
(i) An h-spray, or a fiber-spray on Z is a triple (E, π, s), where π : E → Z is a holomorphic vector bundle and s : E → Z is a holomorphic map such that for each z ∈ Z we have
If (2.1) holds at every point z ∈ Z then the family is dominating on Z.
The simplest example of a spray on a complex manifold Y is the flow Y × C → Y of a C-complete holomorphic vector field on Y . A composition of finitely many such flows, with independent time variables, is a dominating spray at every point where the given collection of vector fields span the tangent space of Y . Another example of a dominating spray is furnished by the exponential map on a complex Lie group G, translated over G by the group multiplication.
The following notion of elliptic submersion is due to Gromov [13, Sect. 1.1.B]; subelliptic submersions were introduced in [2] . Definition 2.2. A holomorphic submersion h : Z → X is called elliptic (resp. subelliptic) if for each point x 0 ∈ X there is an open neighborhood U ⊂ X such that the restricted submersion h : Z| U → U admits a dominating h-spray (resp. a finite dominating family of h-sprays). A complex manifold Y is elliptic (resp. subelliptic) if the trivial submersion Y → point is such.
For examples of elliptic and subelliptic manifolds and submersions see [2, 5, 13] .
The following notions appear in Theorem 1.2. (b) A holomorphic map π : E → B is an elliptic Serre fibration (resp. a subelliptic Serre fibration) if it is a surjective elliptic (resp. subelliptic) submersion and also a Serre fibration.
Example 2.4. Theorem 1.2 applies if π : E → B is an unramified elliptic fibration without exceptional and multiple fibers. Indeed, every fiber E y = π −1 (y) (y ∈ B) in such fibration is an elliptic curve, E y = C/Γ y , and the lattice Γ y ⊂ C is defined over every sufficiently small open subset U ⊂ B by a pair of generators a(y), b(y) depending holomorphically on y. A dominating fiber-spray on E| U is obtained by pushing down to E| U the Γ y -equivariant spray on U × C defined by
We now recall the notion of a stratified subelliptic submersion:
Definition 2.5. Let X and Z be complex spaces. A holomorphic submersion h : Z → X of a complex space Z onto a complex space X is said to be a stratified subelliptic submersion if there exists a stratification of X by closed complex subspaces
is a complex manifold and the restricted submersion h :
.2). Similarly we define stratified elliptic submersions.
If X is stratified by (2.2) and the restricted submersion h : Z| S k → S k is a fiber bundle for each k = 0, 1, . . . , m − 1, then Z → X is called a stratified fiber bundle. It was proved in [7] that sections of a stratified holomorphic fiber bundle with POP fibers over a Stein space satisfy the parametric Oka principle. The following result is proved by combining the analytic techniques from [9] with the induction scheme from [7] . (The outline of proof was already indicated in [10, Sect. 7] .) Theorem 2.6. If X is a Stein space and h : Z → X is a stratified subelliptic submersion, then sections X → Z satisfies the parametric Oka principle.
Results in this direction include Gromov's Main Theorem in [13, Theorem 4.5] (for elliptic submersions over Stein manifolds, and without the interpolation condition), Theorem 1.4 in [10] (for elliptic submersions over Stein manifolds), Theorem 1.1 in [2] (for subelliptic submersion), Theorem 1.2 in [5] (for fiber bundles with POP fibers over Stein manifolds), and Theorem 1.4 in [7] (for stratified fiber bundles with POP fibers over Stein spaces).
A minor change in the induction scheme makes it possible to prove Theorem 2.6 also for a locally compact and countably compact Hausdorff parameter spaces P .
A fascinating application of Theorem 2.6 has recently been found by Ivarsson and Kutzschebauch [15, 16] 
is a product of upper and lower diagonal unipotent matrices.
Stratified subelliptic submersions naturally appear in their proof, and one must use the most general known version of the Oka principle given by Theorem 2.6.
Convex Approximation Property
In this section we recall from [5] a characterization of Oka properties in terms of a Runge approximation property for entire maps C n → Y .
Let z = (z 1 , . . . , z n ) be complex coordinates on C n , with z j = x j + i y j . Given numbers a j , b j > 0 (j = 1, . . . , n) we set
Definition 3.1. A special convex set in C n is a compact convex set of the form
where Q is a cube (3.1) and φ is a continuous concave function with values in (−b n , b n ). Such (K, Q) is called a special convex pair in C n . n and for every pair of parameter spaces P 0 ⊂ P as in Def. 1.1, a map f : Q × P → Y such that f p = f (· , p) : Q → Y is holomorphic for every p ∈ P 0 , and is holomorphic on K for every p ∈ P , can be approximated uniformly on K × P by mapsf : Q × P → Y such thatf p is holomorphic on Q for all p ∈ P , andf p = f p for all p ∈ P 0 .
The following simple characterization of the (parametric) Oka property was found in [5, 6] (for Stein source manifolds), thereby answering a question of Gromov [13, p. 881, 3.4 . (D) ]. For the extension to Stein spaces see [7] . These equivalences substantially simplify the analysis of the Oka property, and they clearly show that Oka properties are opposite to Kobayashi-Eisenman hyperbolicity, the latter imposing restrictions on the rank of entire maps C n → Y . 
Parametric Oka Principle for Liftings
The parametric Oka principle in Theorem 2.6 pertains to families of sections of a subelliptic submersion Z → X over a Stein space X. We now prove a similar result for certain continuous families of subelliptic submersions. We assume that P 0 ⊂ P are compact Hausdorff spaces as in Def. 1.1.
Definition 4.1. Let h : Z → X be a holomorphic map of complex spaces.
(a) A P -section of h : Z → X is a continuous map f :
Similarly one defines (P, P 0 )-maps and their homotopies.
The following is the main result of this paper.
Theorem 4.2. (Parametric Oka principle for liftings) Assume that
(i) Z and Z are complex spaces, (ii) π : Z → Z is a subelliptic submersion, (iii)h : Z → X is a holomorphic submersion onto a Stein space X, (iv) f : X × P → Z is a holomorphic P -section ofh, (v) F : X × P → Z is a holomorphic (P, P 0 )-section of h =h • π : Z → X such that π • F = f , and F is holomorphic on K ∪ X ′ ,
where K is a compact O(X)-convex subset of X and X
′ is a closed complex subvariety of X.
Then there is a homotopy
1 is a holomorphic P -section, and (c) for every t ∈ [0, 1], F t is holomorphic on K, it is unifomly close to F 0 on K × P , it agrees with F 0 on (X × P 0 ) ∪ (X ′ × P ), and π • F t = f .
The same holds if π : Z → Z is a holomorphic fiber bundle with POP fiber and P 0 ⊂ P is the inclusion of a subpolyhedron P 0 in a finite polyhedron P .
The following diagram illustrates Theorem 4.2:
The submersions π : Z → Z andh : Z → X are intermediate submersions for h : Z → X. Every section F : X → Z of h can be thought of as a π-lifting of f = π • F : X → Z. These liftings will be deformed by using π-sprays on Z.
In Lárusson's terminology [18, 19, 20] , a map π : Z → Z satisfying the conclusion of Theorem 4.2 is said to enjoy the parametric Oka property.
The image f p (X) is a closed Stein subspace of Z that is biholomorphic to X.
When P = {p} is a singleton, there is only one section f = f p , and in this case the conclusion follows by applying Theorem 2.6 to the restricted submersion
In general, by working over the family of closed complex subspaces f p (X) of Z (p ∈ P ), the proof of the parametric Oka principle [9, Theorem 1.4] requires certain modifications that we now explain. Assume for the sake of discussion that X is a Stein manifold, that X ′ = ∅, and that π : Z → Z is a subelliptic submersion.
It suffices to explain the following: Main step: Assume that K ⊂ L are compact closures of strongly pseudoconvex domains in X such that both K and L are O(X)-convex. Assume inductively that we have for every p ∈ P a lifting F p = F 0 p of f p such that F 0 p is holomorphic over (a neighborhood of) K, and F 0 p is holomorphic on X when p ∈ P 0 . Since P 0 is nice in P , we can as well assume that F p is holomorphic over L for all p in a neighborhood P ′ 0 ⊂ P of P 0 . (This amounts to a reparametrization of the family {F p } for p near P 0 and using holomorphic retractions onto appropriate fibers of π in order to keep the condition π • F p = f p .) The goal is to find a homotopy of liftings F t p (t ∈ [0, 1], p ∈ P ) that are holomorphic and uniformly close to F p over K, the homotopy is fixed for p near P 0 , and F 1 p is holomorphic on L for all p ∈ P . A solution over X is then reached by induction over a suitable exhaustion of X.
Sketch of proof of Main step.
Choose a covering of the compact set p∈P f p (L\K) ⊂ Z by open sets U 1 , . . . , U N ⊂ Z such that every restricted submersion π : Z| Uj → U j admits a finite dominating family of π-sprays. (In the fiber bundle case, we ask that Z| Uj is isomorphic to the trivial bundle U j × Y → U j with POP fiber Y .)
Choose a Cartan string A = (A 0 , A 1 , . . . , A n ) in X [9, Def. 4.2] such that K = A 0 and L = n j=0 A j . The construction is explained by Corollary 4.5 in [9] : It suffices to choose each of the compact sets A k for k = 1, . . . , n to be a small strongly pseudoconvex domain such that k−1 j=0 A j , A k is a Cartan pair. In addition, we choose the sets A 1 , . . . , A n sufficiently small such that f p (A j ) is contained in one of the sets U l for every p ∈ P and j = 1, . . . , n.
By compactness there is a finite covering of P by compact sets P 1 , . . . , P m such that for every j = 1, . . . , m and k = 1, . . . , n, the set p∈Pj f p (A k ) is contained in U l for some l = l(j, k). The same holds if we replace P j by a sufficiently small open neighborhood P ′ j of P j in P . We denote by K(A) the nerve complex of A = (A 0 , A 1 , . . . , A n ) , i.e., the combinatorial simplicial complex consisting of all multiindices J = (j 0 , j 1 , . . . , j k ) with 0 ≤ j 0 < j 1 < · · · < j k ≤ n for which
Its geometric realization, K(A), is a finite polyhedron in which every multiindex J = (j 0 , j 1 , . . . , j k ) ∈ K(A) of length k + 1 determines a closed k-dimensional face |J| ⊂ K(A), homeomorphic to the standard k-simplex in R k , and every kdimensional face of K(A) is of this form. The face |J| is called the body (or carrier) of J, and J is the vertex scheme of |J|. Given I, J ∈ K(A) we have |I|∩|J| = |I ∪J|. The vertices of K(A) correspond to the individual sets A j in A, i.e., to singletons (j) ∈ K(A). (See [14] or [22] for results on simplicial complexes and polyhedra.)
Given a compact set A in X, we denote by Γ O (A, Z) the space of all sections of h : Z → X that are holomorphic over some unspecified open neighborhood A in Z, in the sense of germs at A.
Let A be as above. A holomorphic K(A)-complex with values in Z [9, Def. 3.2] is a continuous family of holomorphic sections
which satisfy the following compatibility conditions:
Note that F (k) a holomorphic section over (a neighborhood of) A k , F (k0,k1) is a homotopy of holomorphic sections over A k0 ∩ A k1 connecting F (k0) and F (k1) , etc. Similarly we define complexes of holomorphic P -sections (by adding p ∈ P ).
By choosing the sets A 1 , . . . , A n sufficiently small, we can find a family of holomorphic K(A)-complexes {F ( * ,p) } p∈P with values in Z such that (*) every section in the complex F ( * ,p) projects by π : Z → Z to f p .
Further, we ask that the section F (0,p) over the set A 0 = K is the restriction to A 0 of the initial section F 0 p : X → Z. Also, for every p ∈ P sufficiently near the subset P 0 (so that F 0 p is holomorphic on L), every section in the complex F ( * ,p) is the restriction of F 0 p to the appropriate subdomain. For the (completely elementary) construction of such initial holomorphic complex see [9, Proposition 4.7] .
The rest of the construction amounts to performing a sequence of modifications such that in every step we collapse one of the cells in the holomorphic complex. In finitely many steps we reach a family of constant complexes parametrized by p ∈ P , i.e., complexes representing holomorphic sections of Z → X over L. This procedure is explained in [9, Sect. 5] (see in particular Proposition 5.1.). The only additional condition in the present situation is expressed by (*): All sections in all intermediate holomorphic complexes corresponding to p ∈ P must project by π to the section f p , restricted to a suitable subset of X. This is easily satisfied in all steps of the construction.
Let us consider more carefully the main step -collapsing a segment in a holomorphic complex. This amounts to replacing a pair of individual sections, joined by a homotopy over the intersection of their domains, by a section over the union.
(All substeps in collapsing of a cell reduce to collapsing of a segment, but with an additional parameter set.) We have a special pair (A, B) of compact sets in X, called a Cartan pair, with B contained in one of the sets A 1 , . . . , A n in our Cartan string A. (In fact, B is the intersection of some of these sets.) Further, we have an additional compact parameter set P (which appears in the proof since we are dealing with multiparameter homotopies) and families of holomorphic sections of the submersion h : Z → X, a (p,p) over A and b (p,p) over B, both depending continuously on (p,p) ∈ P × P and projecting by π : Z → Z to the section f p . Over A∩B these two families are connected by a homotopy of holomorphic sections b
These two families are now deformed into a single family of holomorphic sections a (p,p) over A ∪ B, projecting by π to f p . The proof consists of two substeps: 
Since π • b t (p,p) = f p and Z admits a dominating family of π-sprays over each set U l , Substep (1) can be performed to each of the families
This shows that the Main step can be accomplished in finitely many moves, provided that the parameter space P is replaced by a suitably small compact neighborhood of P 0 ∪ P 1 in P . Hence we can homotopically modify F = {F p } p∈P to make it holomorphic on L for all p in a neighborhood of P 0 ∪ P 1 in P . The modification remains fixed for p ∈ P 0 , and all sections in the complex F p project by π to f p .
Since all moves are made by homotopies, we can use a cut-off function in the parameter space to patch the new family with the old family of sections outside some small neighborhood of P 0 ∪ P 1 .
Next we apply the Main step with P replaced by a compact neighborhood of P 0 ∪ P 1 ∪ P 2 , and with P 0 replaced by P 0 ∪ P 1 . This gives a homotopy of liftings of f p , fixed for p ∈ P 0 ∪ P 1 , to a new family of liftings which are holomorphic over L for all p in a neighborhood of P 0 ∪ P 1 ∪ P 2 .
In m such steps we obtain a family { F p } p∈P of liftings of f = {f p } p∈P which are holomorphic over L.
In the general case when X ′ = ∅ and X is a Stein space with singularities, we follow the induction scheme in the proof of the parametric Oka principle for stratified fiber bundles with POP fibers, given in [7] . Cartan strings are now used inside individual strata.
When π : Z → Z is a fiber bundle with POP fiber, we apply the one-step approximation and gluing procedure as in [5] (without having to deal with holomorphic complexes). The Oka-Weil theorem in Substep (1) above is now replaced by the axiomatic use of PCAP (Def. 3.2), which is equivalent to POP.
However, in the conclusion of the proof we must use PCAP with certain intermediate subsets of the parameter space P . Our definition of PCAP demands that each of these subsets is nice in P (a strong deformation neighborhood retract). We can insure this situation for sufficiently simple parameter spaces, e.g. for finite polyhedra P and their subpolyhedra P 0 . A subpolyhedron is always a strong deformation neighbourhood retract in the ambient polyhedron. If P is a polyhedron (not necessarily compact) and U is an open cover of P , then P has a triangulation subordinate to U (Spanier [22] , Chap. 3, sec. 3, Theorem 14, and the remark following the proof). The triangulation given by this result restricts to a triangulation of a given subpolyhedron P 0 of P . Then, at least if P is compact, P can be exhausted by an increasing sequence of compact subpolyhedra with 'small differences' as required in our proof.
Corollary 4.3.
Assume that E and B are complex manifolds and π : E → B is a subelliptic submersion. Let P 0 ⊂ P be as in Def. 1.1. Given a Stein space X, a compact O(X)-convex subset K of X, a closed complex subvariety X ′ of X, a holomorphic P -map f : X × P → B, and a (P, P 0 )-map F : X × P → E that is a lifting of f (π • F = f ) and is holomorphic on K ∪ X ′ , there exists a homotopy of liftings
If π : E → B is a holomorphic fiber bundle whose fiber Y enjoys POP, then the same conclusion holds if P is a finite polyhedron and P 0 ⊂ P a subpolyhedron.
The following diagram illustrates Corollary 4.3:
Proof. Set Z = X × E, Z = X × B, and letπ : Z → Z denote the map π(x, e) = (x, π(e)), x ∈ X, e ∈ E.
Thenπ is a subelliptic submersion, resp. a holomorphic fiber bundle with fiber Y . Leth : Z = X × B → X denote the projection onto the first factor, and let h =h •π : Z → X. To a P -map f : X × P → B we associate the P -section f (x, p) = (x, f (x, p)) ofh : Z → X. Further, to a lifting F : X × P → E of f we associate the P -section F (x, p) = (x, F (x, p)) of h : Z → X. Thenπ • F = f , and the corollary follows from Theorem 4.2.
Ascent and descent of parametric Oka property
In this section we prove Theorem 1.2.
Proof of (i):
Assume that B enjoys POP (which is equivalent to PCAP). Let (K, Q) be a special convex pair in C n (Def. 3.1), and let F : Q × P → E be a (P, P 0 )-map that is holomorphic on K (Def. 4.1).
Then f = π • F : Q × P → B is a (P, P 0 )-map that is holomorphic on K.
Since B enjoys PCAP, there is a holomorphic P -map g : Q × P → B that agrees with f on Q × P 0 and is uniformly close to f on a neighborhood of K × P . If the approximation is close enough, a retraction argument gives a holomorphic P -map G : K × P → E such that π • G = g, G is close to F , and G = F on K × P 0 .
We extend G to (K × P ) ∪ (Q × P 0 ) by setting G = F on Q × P 0 . Since π : E → B is a Serre fibration and K is a strong deformation retract of Q, G extends to a continuous (P, P 0 )-map G : Q × P → E such that π • G = g. The extended map remains holomorphic on K.
By Corollary 4.3 there is a homotopy of liftings G t : Q × P → E of g (t ∈ [0, 1]) which is fixed on Q × P 0 , and is holomorphic and uniformly close to G 0 = G on K × P . The holomorphic P -map G 1 : Q × P → E then satisfies the condition in Def. 3.2 relative to F . This proves (i).
Proof of (ii):
Assume that E enjoys POP. Let (K, Q) be a special convex pair, and let f : Q × P → B be a (P, P 0 )-map that is holomorphic on K.
Assuming that P is contractible, the Serre fibration property of π : E → B insures the existence of a continuous P -map F : Q × P → E such that π • F = f . (The subset P 0 of P does not play any role in this lifting.) Corollary 4.3 furnishes a homotopy F t : Q × P → E (t ∈ [0, 1]) such that (a) F 0 = F , (b) π • F t = f for each t ∈ [0, 1], and (c) F 1 is a (P, P 0 )-map that is holomorphic on K.
This is accomplished in two steps: We initially apply Corollary 4.3 with Q × P 0 to obtain a homotopy F t : Q × P 0 → E (t ∈ [0, 1 2 ]) as above such that F 1/2 is holomorphic over Q for all p ∈ P 0 . For trivial reasons this homotopy extends continuously to all values p ∈ P . In the second step we apply Corollary 4.3 over K × P , with F 1/2 as the initial lifting of f and keeping the homotopy fixed for p ∈ P 0 (where it is already holomorphic), to get a homotopy F t (t ∈ [ 1 2 , 1]) such that π • F t = f and F 1 p is holomorphic over K for all p ∈ P . Since E enjoys POP, F 1 can be approximated uniformly on K×P by holomorphic P -maps F : Q × P → E such that F = F 1 on Q × P 0 . Theñ
is a holomorphic P -map that agrees with f on Q × P 0 and is close to f on K × P . This shows that B enjoys POP for a contractible space P , thus proving (ii).
Proof of (iii): Contractibility of P was used in the proof of (ii) to lift the map f : Q × P → B to a map F : Q × P → E. Such a lift exists for every topological space if π : E → B is a weak homotopy equivalence. This is because a Serre fibration between smooth manifolds is automatically a Hurewicz fibration (by a result of Cauty [1] ), and a weak homotopy equivalence between them is automatically a homotopy equivalence (by the Whitehead Lemma).
